Investment risk models with infinite variance provide a better description of distributions of individual property returns in the IPD U.K. database over the period 1981 to 2003 than normally distributed risk models. This finding mirrors results in the U.S. and Australia using identical methodology. Real estate investment risk is heteroskedastic, but the characteristic exponent of the investment risk function is constant across timeyet it may vary by property type. Asset diversification is far less effective at reducing the impact of non-systematic investment risk on real estate portfolios than in the case of assets with normally distributed investment risk. The results therefore indicate that multi-risk factor portfolio allocation models based on measures of investment codependence from finite-variance statistics are ineffective in the real estate context.
Introduction
As institutional investors expand their options for investment opportunities to a global arena, it is helpful to have an understanding of the behavioral characteristics of assets that might be purchased individually or in portfolios. If there are characteristic performance differences among assets in different countries, these differences might lead to differences in portfolio strategies for the global investor. However, if there are similarities among investment characteristics, then investors could realize efficiencies by extending effective strategies in the home country to foreign soil.
The data and analysis of this paper extend the research presented by Young and Graff (1995) . In that empirical study of disaggregated NCREIF data in the U.S., Young and Graff found that cross-sectional annual returns were not normally distributed during any year between 1978 and 1992. Additionally, the authors found that both the skewness and the magnitude of real estate risk changed over time. In a working paper, Young (2005) With these individual institutional-grade property performance data from IPD, it is possible to test empirically the presumptions that property return distributions have finite variance and are Gaussian normal. The purpose of this study is to test whether property Other examples of stable distributions are the well-known Cauchy distributions. Although most stable distributions and their probability densities cannot be described in closed mathematical form, their characteristic functionsand the logarithms of the characteristic functionscan be written in closed form. 1 The log characteristic functions of stable distributions have the following form for cases where ≠1:
The four parameters , , , and  in Equation (1) completely characterize the distribution.
The characteristic exponent  lies in the half-open interval (0,2] and measures the rate at which the tails of the density function decline to zero. The larger the value of the characteristic exponent , the faster the tails shrink toward zero. When =2.0, the distribution is normal.
While the means (first moments) of stable distributions with characteristic exponents >1.0 do exist, variances (second moments) do not exist--i.e., are infinite--for those distributions with Characteristic Exponents <2.0.
The skewness parameter  lies in the closed interval [-1,1] , and is a measure of the asymmetry of the distribution. The closer the characteristic exponent  is to the upper limit of the permissible rangei.e., the value 2.0the less significance the skewness has in terms of shifting the shape of the distribution away from the corresponding symmetric 1 The normal and Cauchy distributions are the only stable distributions for which probability densities can be expressed in closed form in terms of elementary mathematical functions.
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The scale parameter  lies in the open interval (0,  ), and is a measure of the spread of the distribution. If =2.0, the scale parameter  is directly proportional to the standard deviation: =2. However, the scale parameter  is finite for all stable distributions, despite the fact that the standard deviation is infinite for all <2.0. Thus, the scale parameter  can be regarded as a generalization of the standard deviation.
The location parameter  may be any real number, and is a rough measure of the midpoint of the distribution. A change in  simply shifts the graph of the distribution left or right, hence the term "location."
Previous Studies
There is a significant and growing body of literature that suggests that returns for private real estate are not normally distributed. Two approaches have been adopted in the literature:
(1) time series analysis and (2) cross-sectional analysis, both of which produce similar results. We review each approach in turn.
Time series analysis
Myer and Webb (1994) were the first to provide evidence of non-normality in private real estate returns using data from the National Council of Real Estate Fiduciaries (NCREIF). They found evidence of non-normality in terms of both skewness and kurtosis.
In similar vein, Byrne and Lee (1997) using the Jarque Bera test examined quarterly returns for sector/region disaggregations of the NCREIF index between 1983 and 1994. They found that, for ten of the sixteen sub-sectors, normality was rejected. Consistent with earlier findings, they found positive kurtosis and, typically, negative skewness.
In the U.K., research by Booth et al. (2002) for the Investment Property Forum tested the normality of the 37 Investment Property Databank (IPD) sectors for which monthly data existed over the period from December 1986 to December 2000, with the exception of data for shopping centres and retail warehouses, where data were from December 1994 and from December 1991 respectively. Using standard statistical tests, normality was rejected in 35 out of the 37 markets segments. The authors also examined monthly returns in the 37 sectors relative to the IPD Monthly Index, i.e., the monthly returns of each segment minus the returns of the market index. This is important for those fund managers who are active managers since the risk that they face is tracking error risktheir performance relative to the market benchmark rather than total return. In 34 out of 37 cases, the hypothesis of normality was rejected, due to 'fat tails', i.e. positive excess kurtosis. In other words, the risk of a large movement is greater than would be the case with a normal distribution. Lee (2002) examined the distributional properties of the IPD monthly total returns data over the same period. This time, the data was divided into a number of property types and geographical regions, making a total of 31 real estate market segments. The returns of the market index (IPDMI) were represented by the value-weighted performance of all the properties within the database. He found that all market segments displayed significant positive skewness, except for offices in the City of London, which showed significantly negative skewness. In contrast, the returns of the market index were fairly symmetric. The market and all the markets segments showed significant positive excess kurtosis (i.e., greater than 3). Thus, all the time-series data were leptokurtic and so displayed greater peakedness and 'fatter tails' than would be expected if the data was normally distributed.
As a consequence, all the market segments exhibited significant departures from normality at the 1% significance level, as shown by the Jarque-Bera (JB) statistic, while the returns of the market index were significant at the 10% level. Lizieri and Ward (2000) used the BestFit program to find the distribution that best characterized direct real estate returns in the UK. The direct real estate data comprised monthly total returns for the period from December 1986 to December 1998 as reported by IPD, with series for all property and sub-indices for specified regional and property types.
They found that, irrespective of region or property type, the most appropriate distribution appeared to be the Logistic distribution, but that even this was rejected in most cases. The main reason for the inappropriate fit was the leptokurtic nature of the real estate returns.
Interestingly, de-smoothing the data to account for alleged aberrant behavior attributed to the appraisal-based nature of capital returns did not result in return distributions that were easier to model or which conformed to normality. The authors found that this resulted from the high proportion of returns that were close to zero, indicative of a thinly-traded market and slow arrival of information, resulting in static individual valuations. In other words, Lizieri and Ward (2000) found that de-smoothing monthly data does not correct for the thinness of the trading in the property market.
The same authors then examined quarterly data, arguing that, if the atypical behavior of property returns can be explained by the thinness of the market and the lack of liquidity and trading, they expected to see the distributions conform more closely to a normal distribution over longer trading intervals. The analysis of quarterly data was consistent with this conjecture. Returns were easier to model and the normal distribution was favored on a number of tests both for the aggregate index and at sub-sector level. Brown (1991) and Brown and Matysiak (2000) investigated the return distributional properties of individual data in the UK. Brown (1991) used individual data for 135 properties, which comprised 39 offices, 46 retail and 50 industrial assets, over the period January 1979 to December 1982. On average, he found that the data were more positively skewed and leptokurtic (peaked) relative to the normal distribution, particularly in the retail sector. However, when the data were combined into portfolios, the data began to approach the normal distribution. In addition, when quarterly and half yearly data were used Brown (1991) found that, as the holding period gets longer, the distribution of individual returns tends towards the normal distribution, as suggested by Fama (1965a) . These results were corroborated by Brown and Matysiak (2000) , who examined monthly returns for two samples of 100 propertiestogether spanning the period December 1987 to November 1997and annual returns for a sample of 750 properties held over the period 1987 to 1996. (2000), Brown (1991) and Brown and Matysiak (2000) . In contrast, both the U.S. and German real estate markets exhibited significant departures from normality, but for different reasons. In the case of the German data, normality was rejected due to significant positive skewness, while the U.S. data could not be classified as normal due to significant negative skewness and leptokurtosis (peakedness). However, once the data were de-smoothed, the results changed with normality being accepted for Germany, but rejected for the U.K. and the U.S. data. Nonetheless, when annual data were used, the assumption of normality could not be rejected for any country, either using the appraisal-based or de-smoothed data.
Cross-sectional analysis
Young and Graff (1995) examined the annual return distributions for U.S. institutional private real estate over the period 1980-1992. Using the NCREIF database, they decomposed individual property data (grouped by type) into two components: the mean return for a property type in any one year and a residual return for the individual property in that year. Then, using the methodology suggested by McCulloch (1986) , they found that the characteristic parameter alpha for the whole sample, at 1.48, was significantly below the Non-Normal Real Estate Return Distributions by Property Type in the U.K. 8 value of 2.0 that characterizes the normal distribution, a result that held for the great majority of years and property types. The beta parameters, the measure of skewness, were typically negative for the whole sample and significantly different from zero at the 99% confidence level. Young (2005) (1995), the authors found that the mean alpha parameter, at 1.59, was again significantly below the value of 2.0 characteristic of a normal distribution. However, the betas did not give any clear indication of skewness.
In summary, a number of studies have examined the distributional properties of private real estate data at the individual, sub-market, or index level in a number of countries with broadly similar results. At the individual level, the data exhibit non-normality, mainly due to excess kurtosis (peakedness) and significant skewness, although the skew can be positive or negative depending on the country or property type. Normality is also rejected for submarket indices, again for the same reasons, especially if high frequency (monthly) data are used. However, when longer holding period (quarterly and annual) data are used, normality is less likely to be rejected and, when it is rejected, this is usually due to the existence of excess kurtosis rather than skewness. This is true for the raw or appraisal-based real estate data and for de-smoothed returns. In other words, lack of normality in real estate data is mainly due to the thinness and lack of liquidity of the market which cannot be corrected by 
Data Description
Property performance data in the U.K. are compiled by IPD using cash flow records supplied by major institutional investors that participate in its benchmarking services, such as insurance companies, pension funds and quoted property companies. At the end of 2004, there were 10,986 properties in the U.K. annual index with an aggregate value of over £120 billion (IPD, 2005) . It is estimated that this represents 45% of the total commercial property investment market in the U.K. The data source, therefore, does not cover the entire market and it may reflect the investment preferences of its constituent funds, but it is the largest source of individual property performance data in existence.
All previous U.K. studies of property return distributions mentioned in the literature review have utilized IPD data in one way or another. However, this study uses all available individual asset returns for each of the years 1981 to 2003amounting to 269,853 return observations in total. These are unleveraged returns on directly held real estate assets. The main exclusion from the data were returns from properties in IPD's 'Other' category, which represents minor sectors of U.K. institutional investment in this period, such as agricultural land or leisure. The 'Other' category stood at only 3% of the value of the IPD annual index at the end of 2004 (IPD, 2005) . The number of observations within each year and by sector is shown in Figure 5 .
Reported returns are based on income and asset value changes (i.e., capital gains) as determined by appraisal. For some properties, monthly and quarterly frequency returns were available, but this study analyzes the full dataset of monthly, quarterly, and annually valued properties by examining annual frequency returns. All of the properties in the dataset are reappraised each December, so the annual returns reflect that calendar year. Returns from properties that were traded within a year were not included as they would not reflect an entire period's performance.
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Before beginning the data analysis, each discrete annual sample return r t in the data set was converted to its continuously compounded equivalent ln 1  r t  . These returns were then examined across all properties and within the office, retail, and industrial property types.
Real Estate Return Model
A comparison of the data in the property type sub-indices reveals significant differences among the annual returns. Our real estate market model assumes that expected variations in annual property returns due to differences in property type account for all of the differences in returns on individual properties in the IPD database.
We assume that the observed annual total return on each commercial property p during the calendar year t is of the following form:
where h() is the property type (office, retail, or industrial),  t () is the expected total return during year t as a function of property type, and  t p   is a stable (possibly, infinitevariance) random variable. In addition, we assume that, for each t≥1981, the  t () are independent identically distributed random variables with characteristic exponent  t >1.0 and zero mean, and that  t 1 p i   and  t 2 p j   are independent for all t 1  t 2 and all i and j. 2 Under these assumptions, the random variable  t p   corresponds to the asset-specific investment risk of property p during period t, while the systematic and market sector real estate risk is described by the function  t h    .
Conventional approaches toward empirical real estate research have assumed the normal probability distribution of asset-specific risk as an act of faith, and then apply statistical techniques to obtain descriptions of systematic and market-sector risk. By contrast, the tests of this paper examine asset-specific investment risk under the assumptions of our model, with the objectives of (1) confirming or rejecting real-world applicability of the model, and (2) The assumption that  t >1.0 guarantees that the mean of  t p   exists.
3 There are 50 "bins" in the histogram that span the range from minus to plus five standard deviations. Because some samples extend beyond this range, all the samples beyond plus or minus five standard deviations are included in the two extreme bins. 4 This leptokurtosis may be caused by general uniformity of opinion amongst valuers as to the discount rate applicable to cash flows, as well as the use of similar valuation models. This would produce a strong convergence about a single return for property types in any particular year. Departures from this central tendency would then likely be asset-specific and relate to the economic circumstances of tenancy, for example, either new leases at higher or lower than expected rates or unexpected vacancy or occupancy.
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(2)). The means are shown in Figure 5 for purposes of completeness, but will not be needed in the subsequent discussion.
McCulloch's (1986) quantile methodology was used to fit a stable distribution to each set of residuals arranged by calendar year and property type. To test whether the parameters varied during the sample period, stable parameters were estimated for sets composed of the residuals aggregated across calendar years and property types. These results are tabulated in Figure 5 and are displayed graphically together with one and two standard deviation error bands in Figures 6 to 9 for the parameters , , and  ( is irrelevant because the location parameter is an estimator for the mean and we adjusted for the effect of varying means).
In the case of characteristic exponents  t estimated by calendar year and property type, 100% (69 of 69) were distinct statistically from 2.0--the characteristic exponent of the normal distribution--with 95% confidence and 99% (68 of 69) were distinct from 2.0 with 99% confidence. In the case of residuals aggregated across property type (the first panel of Figure 5 ), all twenty-three sample characteristic exponents  t were distinct from 2.0 with 99% confidence.
In the case of the skewness parameter  t for all residuals aggregated across property type, 83% (19 of 23) were statistically significant (i.e., non-zero) with 99% confidence. Figure 6 displays the sample characteristic exponents  t of both the aggregated and individual property type residuals. It appears that  t could be time-invariant. However, Figure 9 , which shows graphical representations of these data, suggests that  t is likely to vary across property type. From Figure 5 , for the entire 1981 to 2003 sample period, estimates of characteristic exponents together with their standard errors are 1.448 0.004 for all three property types combined, 1.431 0.007 for office properties, 1.471 0.006 for retail properties, and 1.425 0.009 for industrial properties.
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By contrast, Figure 7 shows clearly that  t is not time-invariant. Indeed,  t for all properties displayed a roughly cyclic pattern throughout the test and seem to track one another, especially the office and industrial results. Figure 8 shows clearly that the scale parameter  is not time-invariant either in the aggregate or by property type. The general time-series patterns, however, are quite similar with roughly the same peaks and valleys. Since  is the stable infinite-variance measure of risk, this means that asset-specific risk is heteroskedastic.
The three graphs of Figure 9 show the characteristic exponent, the skewness, and the scale parameter for each property type and the aggregate over the full 1981 to 2003 time period, along with the one-and two-sigma error bands. In terms of skewness and scale parameter, all three property type results differ statistically from one another.
Because all twenty-three sample estimators for  t are asymptotically normal, the proposition that the true values are all equal (i.e., that  t is time-invariant) can be tested by using the fact that, when it is true,
is distributed as  2 on twenty-two degrees of freedom, where each weight w i is given by the reciprocal of the asymptotic variance of x i , and x is the weighted average of x i (weighted by the w i ).
The last column of Figure 10 shows the year-by-year  2 components for the sample characteristic exponents with the total for the twenty-three-year period at the bottom of the column. The total is 521.99, which is substantially larger than the 0.05 significance level of 33.92 for twenty-two degrees of freedom. Although there are some exceptionally high  2 results in the year-by-year components, only a couple of these years are notable in terms of market events or circumstances, those being the strong up market of 1988 and the down market of 1990 respectively. In these years, valuers may have had difficulty with exceptional uncertainty, creating these nominal outliers.
The  2 test can also be used to test whether, for each year during the sample period, the individual property type  estimates are consistent with the hypothesis that the true values of  for the various property types are identical. More precisely, for each year in the sample period, let P t be the hypothesis that the true values of  for the three property types in year t are identical (note that this does not assume that the true value for  is time-invariant). By computing the weighted average of sample property type 's for each year, the analog of the  2 test described above can be applied to test hypothesis P t . This time the critical  2 value is 7.81, i.e., the 0.05 significance level of the  2 function for two degrees of freedom.
The resulting twenty-three  2 values are shown in the next-to-last column of Figure 10 (the corresponding  2 for the data aggregated across the sample period is shown at the bottom of the column). In only 48% of the cases (11 of 23), the observed sample value is below the 0.05 significance level.
The analogous  2 test for  t can be used to test the proposition that  t was timeinvariant during the test period. The last column of Figure 11 shows the year-by-year  2 components of the skewness parameter, with the total for the twenty-three-year period at the bottom of the column. The total is 2058.97, which is enormously larger than the 0.05 significance level of 33.92 for twenty-two degrees of freedom. Thus, there is no reasonable possibility that  t was time-invariant during the sample period. Likewise, the individual property type  estimates for each year of the sample period show little similarity. In only 39% of the cases (9 of 23), the observed sample value is below the 0.05 significance level.
The above analysis implies that (1) real estate investment risk during the sample period was heteroskedastic; (2) during virtually all sample sub-periods and across property type, stable infinite-variance skewed asset-specific risk functions with a characteristic exponent  of approximately 1.448 modeled the observed distributions of return residuals better than normally distributed risk candidates; and (3) property type differences in the characteristic exponent across property types are likely; certainly retail properties showed notable differences from office and industrial over the full 1981 to 2003 sample period.
Implications for Portfolio Management
In the era of Modern Portfolio Theory, the central task of portfolio management is considered to be the optimization of the portfolio return/risk trade-off, subject to investment policy constraints on construction of portfolios. This involves asset selection and allocation to achieve two independent objectives: (1) minimization of the combined effect of assetspecific risk, and (2) To see what is involved in satisfying the additional constraint imposed by (b) above, it is helpful to make the following simplifying assumptions: all asset-specific risk functions are stable with the same characteristic exponent  and have the same skewness parameter , all individual assets have the same level of asset-specific risk (proxied by the scale parameter  of the distribution for the common asset-specific risk function), and the same percentage of the total portfolio value is invested in each component asset in the optimal portfolio. Then, letting p represent the portfolio, f the common asset-specific risk function, and using the relation between scale parameters of sums of stable random variables described in Equation (2)
(3) Figure 12 shows the impact of varying  upon reduction in asset-specific risk for various numbers of properties in a portfolio. For any given >1.0, the reduction in assetspecific risk increases with increasing n. As  diminishes to 1.0 from its upper limit of 2.0, the reduction in asset-specific risk likewise diminishes for any given n> 1.
The sample value =1.448 from the preceding section implies the following practical estimate for the effect of portfolio diversification on asset-specific risk reduction: Cf. Fama and Miller (1972, 268-270) and Fama (1965b) .
Similarly, the magnitude of combined asset-specific risk for open-end fund of 100
properties is 24% of the magnitude of asset-specific risk for a single property portfolio.
However, if the asset-specific risk were normally distributed, the combined asset-specific risk would be just 10% of the magnitude of asset-specific risk for a single property portfolio.
Alternatively, if the question of risk reduction is rephrased to ask the number of assets n k needed in a portfolio to achieve a reduction of asset-specific risk by a specified factor of k, then the answer is as follows: n k is the smallest integer at least as large as k raised to the power 1/0.309. In mathematical notation,
This implies that the number of properties in a portfolio needed to achieve a four-fold reduction in the magnitude of combined asset-specific risk is 88compared with only 16
properties if asset-specific risk were normally distributed. Similarly, the number of properties in a portfolio needed to achieve a ten-fold reduction in combined asset-specific risk is 1,698compared with 100 properties if asset-specific risk were normally distributed. In other words, if purchases are restricted to institutional-grade properties, equally weighted investments in one-sixth of the properties currently in the IPD U.K.
database would be needed to achieve a ten-fold reduction in the magnitude of combined asset-specific risk 6 .
The effect of varying  upon the portfolio size needed to achieve risk reduction by various specified factors k is shown in Figure 13 . 6 These results may further explain why the observed volatility and tracking error of large portfolios is greater than generally expected, in addition to previously offered reasons of active management, uneven lot sizes and property investments being mutually exclusive (see Cullen, 1991; Morrell, 1993 Morrell, , 1997 Schuck and Brown, 1997) . 
Conclusions
The empirical results in this study support the existing real estate literature in emphasizing that it is unsafe to assume normality of property returns. For the IPD U.K. annual data, normality was emphatically rejected.
When sub-sector returns were analyzed, normality was rejected in almost all cases.
Individual (continuously compounded) annual property returns in the IPD database are not normally distributed for calendar years during the period 1981-2003, with only two exceptions each for office and retail properties.
For each calendar year t in that interval, there is a stable infinite-variance distribution with characteristic exponent  t such that the return on each property for year t can be represented as the average (mean) return for that year on properties of the same commercial type plus a random sample from the stable distribution for that year, and furthermore that these samples are independent for distinct properties or calendar years. These stable distributions can be considered to represent real estate asset-specific risk.
The data analysis strongly implies that both the skewness and magnitude of real estate asset-specific risk change over time, i.e., real estate risk is heteroskedastic with respect to both the amount of risk and the shape of the risk distribution. There are also some variations in parameters between property types, which may be worth future research, along with exploration of which properties fall within the tail regions of the distributions in particular years.
However, the analysis also supports the conclusion that there is a single value for the characteristic exponent of asset-specific risk across both calendar year and property type. A statistical estimate of this common value for the characteristic exponent  t together with a 95% confidence interval around this value is 1.448 ±0.004, based on a sample distribution of 269,853 annual property returns over the twenty-three-year sample period. This interval is so far from 2.0the value for a normal distributionthat it has profound implications Non-Normal Real Estate Return Distributions by Property Type in the U.K.
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for real estate portfolio management. In particular, the degree to which portfolio-level risk can be reduced by the inclusion of more real estate assets is dramatically overstated in models that presume a normal distribution of asset returns.
Because real estate investment risk has infinite variance, there is no way to measure codependence among property risk functions with the statistical tools currently available. In particular, sample correlations used in multi-factor MPT real estate risk models are fictitious products of flawed data analysis methodology, and do not measure true risk codependence.
The fact that the distribution of property returns appears to behave in a different way from those of equities and bonds has implications for asset allocation models based on the A final observation concerns the accuracy of appraisal-based returns data relative to transaction-based data. The fact that thousands of appraisals by real estate professionals across the country over a twenty-three-year period form sample distributions with nearly indistinguishable characteristic exponents across calendar years by property types suggests strongly that the real estate community has a common perception of asset value and the sources of that value that have remained constant across changing market regimes of liquidity, credit access, and supply and demand of product. Statistically significant confidence of non-normality  ≠ 2.0 ) or skewness (  ≠ 0 ): ** = 99% confidence * = 95% confidence  ibution  is the skewness parameter in the range -1.0 to +1.0  is the (positive) scale parameter which measures the spread of the distribution about  Note: The means are shown in Figure 5 for purposes of completeness, but will not be needed for discussion or analysis in the body of this article.
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